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2.2. Correlation lengths in the transfer matrix approach
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2.3. The six-vertex model
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2.5. The relation between quantum chains and
two-dimensional classical models
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3.3.2. Description of the string motion
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3.3.3. Analytic continuation
ja8>cdOX@JNJ<;8;:*NLKMB96 
y0+iγ/2
BPGPK6HSO?<>NJHLGIT>K NJ[>K HLNL@JG 
mOXc ^rO?8yk?KM@J=XK68;^rKOXc>K
;@JK6HJHLGPO?8 +  
 

3  #ObKMk?KM@ 
GI8: 

 K68;T>G	5E 


:8)GI8yNLKM=X@A:*BSK
;@JK6HJHLGPO?8cdOX@
a(x)
baGPNJ[
x
GI8NJ[>KBPObKM@Z[;:*BPceC 
;BI:8>K GIHT>KM@JGPk?K6T
ln a(x) =
pi
pi − γ
βh+R(x− (θ1 + i
γ
2
)) +R(x− (θ2 + i
γ
2
))
+ ln
[
sinh pipi−γ (x− y0 − i
3
2γ)
sinh pipi−γ (x− y0 + i
1
2γ)
]
+  
 
3
−
∫ ∞
−∞
T
y [r(x− y) ln A(y)− r(x− y − iγ + i) lnA(y)].

[>KVct<;8;^rNLGPO?8;H
r(x)
:8;T
R(x)
:*@JKT>K}8>K6T)GI8): 

 K68;T>G	E 


`OXNLKNJ[;:*NNJ[>Kct<;8;^rNLGPO?8;HO?8"NJ[>K
@JGP=?[yN C [;:8;T HLGIT>K [;:Mk?K @JK6:*BS:*@J=?<;\&K68yNJH  G  K  NJ[>K6:*@JKNJ[>O?HLK ^M:*BI^M<>BI:*NLK6T cd@JO?\ +  
 

3   b[>GPBPK NJ[>K
:*@J=?<;\&K68yNaOXcNJ[>KBPKMcdN C [;:8;T HLGIT>KOXcSNJ[>KK_<;:*NLGPO?8GIHaOXcS^rO?<>@AHLK GI8NJ[>KBPObKM@Z[;:*BPc 
;BI:8>K 
g_OX@SNJ[>KcdOXBPBPObaGI8>= BPGI8>KaOXc :*@J=?<;\&K68yNJH GPNSGIH <;HLKMct<>B>NLO[;:Mk?Ka: 
;GI^rNJ<>@JKOXc;NJ[>KaHLNL@JG 
 HOXc}^rO?8yk?KM@J=XK68;^rK
OXcK
;@JK6HJHLGPO?8;H +  
 

3a:8;T&+  
 
3cdOX@act<;8;^rNLGPO?8NJ[>K
a
  HLKMKﬃ =  



[>KmBPGI\&GPNJ:*NLGPO?8;H OXc ^rO?8yk?KM@J=XK68;^rK":*@JK&T;<>KmNLO 
 OXBPK6HOXcNJ[>KmWyKM@A8>KMBct<;8;^rNLGPO?8
k(x)
cdOX@
x = ±iγ
:8;ThGI8
r(x)
cdOX@
x = −(pi − γ)i, −γi
 HLKMK+ E 

3 2798hK  +  
 

3 NJ[>K"GI\]:*=XGI8;:*@56 
 :*@JN OXc
x
(= z+ iγ/2)
\m<;HLN 8>KMGPNJ[>KM@  KZBI:*@J=XKM@NJ[;:8
γ
 >8>OX@ BPObKM@NJ[;:8
8
+  K6^M:<;HLKOXc 
 OXBPK6H OXc
k(x− y)
:8;T
k(x − y − iγ)
@JK6H 
 K6^rNLGPk?KMB96 3 

[ <;H
−γ/2 < Im z < γ/2
  GI\&GPBI:*@JB96  cdOX@K 1+  
 
3bK
[;:Mk?K
−(pi− 2γ) < Imx < −γ
+  K6^M:<;HLKZOXc 
 OXBPK6H OXc
r(x− y− iγ)
:8;T
r(x− y)
@JK6H 
 K6^rNLGPk?KMB96 3  
[>K68;^rK
−(pi − 3γ/2) < Im z < −3γ/2

7wNaHLKMK6\]HNJ[;:*N +  
 

3:8;T +  
 
3^M:88>OXN4 K<;HLK6T)cdOX@aNJ[>O?HLK	
 OXGI8yNJHaB96_GI8>=ﬁ KMN bKMK68NJ[>K    @AHLN 
:8;T  AHLK6^rO?8;T HLNL@JG 
  #ObKMk?KM@  NJ[>K ct<;8;^rNLGPO?8
a(x)
GIHZ:8;:*B96_NLGI^m:8;TNJ[>K :8;:*B96_NLGI^m^rO?8yNLGI8 <;:*NLGPO?8
OXcK
;@JK6HJHLGPO?8;+  
 
3cd@JO?\.79\
x < −γ
NLO
−γ <
79\
x < 0
GIHK6:HLGPB96 T>O?8>K 

[>GIH 6_GPKMBIT;HNJ[>K
OXBIT)K
;@JK6HJHLGPO?8&+  
 
3 :8;T)T;<>KNLO1NJ[>KHLGI8>=?<>BI:*@JGPN 6OXc
r(x− y)
:*N
x− y = −iγ
:m^rO?8yNL@JG9 <>NLGPO?8
:^M^rOX@AT>GI8>=]NLO  :<;^A[%6)OXcNJ[>K :T;T>GPNLGPk?K NLKM@A\
lnA(x+ iγ)
O?8NJ[>K@JGP=?[yN C [;:8;T HLGIT>K
ln a(x) =
 J@A[;H  OXc +  
 
3 
+ lnA(x+ iγ).
+  
 
3
g_OX@NJ[>GIH
a(x + iγ)
K
;@JK6HJHLGPO?8;+  
 

3ZGIH ^rO?8yk?KM@J=XK68yN 7wc3ct<>@JNJ[>KM@A\&OX@JK
x = y0 + iγ/2
OX@
x =
y− + iγ/2
  NJ[>K :T;T>GPNLGPO?8;:*B NLKM@A\KMk?K68kX:8>GIHJ[>K6H:H
a(yj + i3γ/2) = 0  
3.3.4. Crossover scenario

[>KZHLOXBI<>NLGPO?8)OXc1+  
 

3 <;8;T>KM@ NJ[>KZHJ<  HLGIT>GI:*@56"^rO?8;T>GPNLGPO?8;H +  
 
73:8;T +  
 
73 +  6U<;HLKVOXc1+  
 
3 3
BPK6:T;H!NLO _<;:*BPGPNJ:*NLGPk?KMB961T>G KM@JK68yN 
 :*NLNLKM@A8;H!cdOX@bK6:W :8;T HLNL@JO?8>=V\]:*=?8>KMNLGI^  KMBIT;H!baGPNJ[ :^r@JO?HJHLOk?KM@
3.3 The non-linear integral equations (
,/.102)
) for the XXZ-model at arbitrary
temperature 41
                     
                     
                     
                     
                    
                    
                    
                    





                    
                    
                    
                    
                    



                    
                    
                    
− 
_pi
2
γ
−γ
_
pi
2
0
_γ
2−
_
γ
2
3γ
_
2
3γ
__
2−
First Strip
Second Strip
Second Strip
g!GP=?<>@JK/ 

  < KM=XGPO?8;HOXc_NJ[>K3^rO?\
;BPK
z

;BI:8>K3b[>KM@JK
a(z+iγ/2)
:H!: 

 K6:*@JGI8>=GI8NJ[>KHJ<  HLGIT>GI:*@56
^rO?8;T>GPNLGPO?8  
 
^M:8" Ka^M:*BI^M<>BI:*NLK6T 798mNJ[>K    @AHLN :8;T  AHLK6^rO?8;TUHLNL@JG 
 K
;@JK6HJHLGPO?8;H
+  
 

3a:8;T +  
 
3:*@JK ^rO?8yk?KM@J=XK68yN }@JK6H 
 K6^rNLGPk?KMB96 
OXc NJ[>KV^rOX@J@JK6H 
 O?8;T>GI8>= KMGP=XK68ykX:*BI<>K6H OXc+NJ[>K _<;:8yNJ<;\ NL@A:8;HLcdKM@\]:*NL@JG	]:*NHLO?\&K^r@JGPNLGI^M:*B+\]:*=?8>KMNLGI^
 KMBIT
hc
  HLKMKﬃ =    
0 < h < hc :

[>K 
 O?HLGPNLGPO?8&OXc NJ[>K @JO OXNJH :*@JK  >K6T/ 6 NJ[>K^rO?8;HLNL@A:*GI8yNJH
a(y0+iγ/2) = −1
:8;T
a(y±+iγ/2) =
−1
g_OX@
h & 0
bK HLKMK/ 6BPO OW>GI8>=":*N  =  

NJ[;:*N
y0
T>O K6HBPGPK GI85NJ[>K  AHLK6^rO?8;T HLNL@JG 
 U:8;T
y+
BPGPK6HGI8NJ[>K    @AHLNHLNL@JG 
  }8>OXNVHLO
y−
 #ObKMk?KM@  GI8 +  
 
3a:@ Ok?K GPNb :HVHJ[>Ob8NJ[;:*N +  
 
3^M:8
HLNLGPBPB  K: 

;BPGPK6T
 
`K>N bK]b :8yN NLO5HJ[>Ob NJ[;:*N
y−
\&Ok?K6H GI8yNLO5NJ[>K]BPObKM@1[;:*BPceC 
;BI:8>K"cdOX@ GI8;^r@JK6:HLGI8>=
h > 0
:H
^rBI:*GI\&K6T5:@ Ok?K  798;HLKM@JNLGI8>=
y− + iγ/2
cdOX@
x
GI8 +  
 
3 6_GPKMBIT;H 
ln(1) =
pi
pi − γ
βh
+ ln
[
sinh pipi−γ (y− + i
γ
2 − θ1 + i
γ
2 ) sinh
pi
pi−γ (y− + i
γ
2 − θ2 + i
γ
2 )
sinh pipi−γ (y− + i
γ
2 − θ1 − i
γ
2 ) sinh
pi
pi−γ (y− + i
γ
2 − θ2 − i
γ
2 )
]
+  
 
3
b[>KM@JK1NJ[>K&GI8yNLKM=X@A:*BNLKM@A\]HZbKM@JK&GP=?8>OX@JK6T  K6^M:<;HLK&NJ[>K6 :*@JK1OXcBPObKM@m\]:*=?8>GPNJ<;T>K S:*NBPK6:HLN cdOX@
HJ<
U^rGPK68yNLB96 BPObﬀNLK6\
 KM@A:*NJ<>@JK hg_OX@
h > 0
bK }8;Thcd@JO?\ NJ[>K"BI:*NLNLKM@]K_<;:*NLGPO?8 NJ[;:*N1NJ[>K"@JK6:*B
42 The XXZ-Heisenberg model
h = 0 h = h h > h
y 0
c
c
−γ
γ
0
γ
0
1-String
2-String
y
y
+
-
-  _
2
γ
−γ
γ
−γ
γ
−γ
pi
− 
_pi
2
−
_pi
2 − 
_pi
2
0 0y
y
-
 +
y0
or left, corresponding to a degenerate
1- and 2-string.
Both  possibilities, i.e. to the right 
0
- γ
_pi
2
 
−
g!GP=?<>@JK     >@JO?HJHLOk?KM@HJ^rK68;:*@JGPO

 :*@JNVOXcNJ[>KmBPOX=?:*@JGPNJ[;\ GIH8>KM=?:*NLGPk?K !<;HLGI8>=79\
θj ∼ 0
bKm^rO?8;^rBI<;T>K
Im(y− + iγ/2) < 0


[>GIH
^rO?8 @A\]H NJ[>K	
;GI^rNJ<>@JK OXcSNJ[>KKMk?OXBI<>NLGPO?85OXcSNJ[>K@JO OXN
y−
HJ[>Ob8GI8  =    
`K>N bK)HLNJ<;T 62NJ[>K)^rO?8;HLNL@A:*GI8yN1cdOX@mNJ[>K"HLK6^rO?8;T @JO OXN OXcaNJ[>K
2
C HLNL@JGI8>=  3NJ[>GIH baGPBPB  
y+ − y−

RSkX:*BI<;:*NLGI8>=+  
 

3cdOX@aNJ[>K
2
C HLNL@JGI8>=U:*N
y+ + iγ/2
6_GPKMBIT;H
ln(1) = −
piβ
γ
1
cosh piγ (y+ + i
γ
2 )
+
pi
pi − γ
βh
2
+ ln
[
sinh pipi−γ (y+ − y− − iγ)
sinh pipi−γ (y+ − y−)
]
+  
 
73
b[>KM@JK):*NmBPObﬀNLK6\
 KM@A:*NJ<>@JK6HmNJ[>K
θj
NLKM@A\]Hm:*@JK"OXcOX@AT>KM@
O(1)
:8;T NJ[ <;H1[;:Mk?K  KMK68hGP=?8>OX@JK6T
BPGDWyK NJ[>K GI8yNLKM=X@A:*BSNLKM@A\]H  jaHLGI8>=
γ/2 <
79\
(y+ + iγ/2) ≤ γ
bK HLKMK NJ[;:*NNJ[>Kﬃ @AHLNaNLKM@A\ﬀO?8NJ[>K
@JGP=?[yN C [;:8;ThHLGIT>KU[;:H 
 O?HLGPNLGPk?KU@JK6:*B 
 :*@JN :8;T2GIHOXc OX@AT>KM@
O(β)
BPGDWyKUNJ[>K]\]:*=?8>KMNLGI^* KMBIT2NLKM@A\ 
798"OX@AT>KM@aNLO]HJ:*NLGIHLc 6)NJ[>KK_<;:*NLGPO?85:*NaBPOb NLK6\
 KM@A:*NJ<>@JK6H
y+ − y− − iγ
[;:HNLO&kX:8>GIHJ[ ;NJ[ <;HNJ[>K
@JK6:*B 
 :*@JNOXc!NJ[>KBPOX=?:*@JGPNJ[;\&GI^NLKM@A\GIHBI:*@J=XK :8;T8>KM=?:*NLGPk?K ^M:8;^rKMBPGI8>=UNJ[>K 
 O?HLGPNLGPk?K @JK6:*B 
 :*@JNJHa:H
@JK_<>GP@JK6T  7981^rO?8;^rBI<;HLGPO?8]cdOX@SBPOb{NLK6\
 KM@A:*NJ<>@JK6H 
y+
:8;T
y−
cdOX@A\ :
2
C HLNL@JGI8>=baGPNJ[1NJ[>KHJ:\&K @JK6:*B
^rO OX@AT>GI8;:*NLK6HZ:8;TGI\]:*=XGI8;:*@56 
 :*@JNJHVT>G KM@JGI8>=  6
γ
a798NLOXNJ:*B +NJ[>K ^r@JO?HJHLOk?KM@ZHJ^rK68;:*@JGPO 
;@JO 
 O?HLK6T
GI8& =   )GIH^rO?8 @A\&K6T Ug_OX@ :*@5;GPNL@A:*@56 NLK6\
 KM@A:*NJ<>@JK6H:8;T \]:*=?8>KMNLGI^* KMBIT2bK][;:Mk?K]NLOHLOXBPk?K
NJ[>KGI8yNLKM=X@A:*BK_<;:*NLGPO?8;HV8 <;\&KM@JGI^M:*BPB96 
3.4 Crossover in the correlation length 43
3.4. Crossover in the correlation length

[>GIH HLK6^rNLGPO?8)GIHT>K6T>GI^M:*NLK6TNLOmNJ[>K 
;@JK6HLK68yNJ:*NLGPO?8OXcNJ[>KZ@JK6HJ<>BPNJH cd@JO?\/HLOXBPk_GI8>=1NJ[>KVGI8yNLKM=X@A:*B!K_<;:C
NLGPO?8;HcdOX@ NJ[>K
1
C:8;T
2
C HLNL@JGI8>=&^M:HLK8 <;\&KM@JGI^M:*BPB96 798UOX@AT>KM@ NLO&<;8;T>KM@AHLNJ:8;T"NJ[>K( =?<>@JK6HNJ[;:*NbaGPBPB
 K&HJ[>Ob82GI82NJ[>GIH HLK6^rNLGPO?8hNJ[>K&K;:\&GI8;:*NLGPO?8 OXc NJ[>K]^r@JO?HJHLOk?KM@ HJ^rK68;:*@JGPOK
;BI:*GI8>K6ThGI82NJ[>K&BI:HLN
HLK6^rNLGPO?8UGIH^r@A<;^rGI:*B  798&NJ[;:*N HLK6^rNLGPO?8UbKZHLNJ:*NLK6TUNJ[;:*N3b[>K68U^rO?8;HLGIT>KM@JGI8>=1:  >K6T&NLK6\
 KM@A:*NJ<>@JKNJ[>K
:<>=?\&K68yNJ:*NLGPO?8 OXcNJ[>Km\]:*=?8>KMNLGI^ KMBIT K6?O?8;T :&^r@JGPNJ^M:*B kX:*BI<>KmBPK6:T;HVNLOUNJ[>KmT>KM=XK68>KM@A:^65OXcNJ[>K
KMGP=XK68ykX:*BI<>K6HOXc}NJ[>K
1
C :8;T
2
C HLNL@JGI8>= K;^rGPNJ:*NLGPO?8;HGI81NJ[>KHLK68;HLKNJ[;:*N3NJ[>KKMGP=XK68ykX:*BI<>K6HOXc NJ[>K

:*@JK&^rO?\
;BPK2^rO?8L<>=?:*NLK]b[>GI^A[2BPK6:T;HNLOGIT>K68yNLGI^M:*B^rOX@J@JKMBI:*NLGPO?8 BPK68>=XNJ[;Hﬁ+  @AHLNZOXc  =?<>@JK6H  
 8
3 
 K =XKMNNJ[>K HJ:\&K HJ^rK68;:*@JGPO  6  >GI8>=&NJ[>K \]:*=?8>KMNLGI^  KMBIT5:8;T5T>K6^r@JK6:HLGI8>=UNJ[>K NLK6\
 KM@A:*NJ<>@JK HLO
NJ[;:*NZNLK6\
 KM@A:*NJ<>@JKm:8;T \]:*=?8>KMNLGI^/ KMBIT :^rNZGI8 @JO?<>=?[>B965O 

 O?HLGPNLKmb :6>HZb[>GI^A[2^M:8  K GI8>cdKM@J@JK6T
GI8 
 :*@JNacd@JO?\NJ[>KMGP@V: 

 K6:*@A:8;^rK GI8NJ[>K ^rO?\/;GI8;:*NLGPO?8
h/T
GI8NJ[>K*,/.102) 

[>KHLK6^rO?8;TO?8>KOXcSNJ[>Kﬃ =?<>@JK6H( 
 8
HJ[>ObHaNJ[;:*NNJ[>K	
 O?HLGPNLGPO?85OXcSNJ[>K
1
C HLNL@JGI8>=U:8;TNJ[>KcdOX@A\&KM@
BPObKM@ 
 :*@JNSOXc;NJ[>K
2
C HLNL@JGI8>=:*@JKK_<;:*B;<
mNLOZNJ[>KHLGP=?8mOXc NJ[>K @JK6:*B
 :*@JN 

[>K 8 <;\&KM@JGI^M:*B;GI8yk?K6HLNLGP=?:C
NLGPO?8;HHJ[>Ob NJ[;:*N3NJ[>KaKMGP=XK68ykX:*BI<>K6H OXc NJ[>KVHLNL@JGI8>= HLOXBI<>NLGPO?8;H :*@JKaGI8]ct:^rN3^rO?\
;BPKU^rO?8L<>=?:*NLK  KMBPOb
NJ[>K)^r@JGPNLGI^M:*BNLK6\
 KM@A:*NJ<>@JK":8;T NJ[>KM@JKMcdOX@JK"NJ[>K6 ^M:8 8>OXN  K"T>GIHLNLGI8>=?<>GIHJ[>K6T :8%6h\&OX@JK 4 Ok?K
NJ[;:*NaNLK6\
 KM@A:*NJ<>@JKNJ[>KKMGP=XK68ykX:*BI<>K6H:*@JK@JK6:*B!baGPNJ[
Λ1s > Λ2s

N NJ[>K^r@JGPNLGI^M:*BNLK6\
 KM@A:*NJ<>@JKZNJ[>KZN bO1KMGP=XK68ykX:*BI<>K6H[;:Mk?KGI8;T>KMK6T"NJ[>KHJ:\&KVkX:*BI<>K   O bK[;:Mk?K:
BPKMk?KMB^r@JO?HJHLGI8>=)OXc
Λ1s
:8;T
Λ2s


[>GIHZ^r@JO?HJHLGI8>=)GIHZNJ[>Km@JK6:HLO?8 cdOX@ZNJ[>K18>O?8_C :8;:*B96_NLGI^" K6[;:Mk_GPO?<>@
OXcNJ[>K^rOX@J@JKMBI:*NLGPO?8{BPK68>=XNJ[(k_GIHLG9;BPKGI8  =?<>@JK= 
 8


[>GIH1HLGI8>=?<>BI:*@JGPN 6{:*N
Tc
GIHmOXcVH5_<;:*@JK"@JO OXN
N 6
 K  Y"O?HLNmHLGP=?8>G	}^M:8yN1GIH NJ[>KU8>O?8_C :8;:*B96_NLGI^M:*B  K6[;:Mk_GPO?<>@mOXcNJ[>K)g_KM@A\&G\&O?\&K68yNJ<;\
kF
 N
BPOb NLK6\
 KM@A:*NJ<>@JK NJ[>KmO?HJ^rGPBPBI:*NLGPO?8;H :*@JK GI8;^rO?\]\&K68;HJ<>@A:*NLK1:8;T :*N
Q
KM@JOUNLK6\
 KM@A:*NJ<>@JK NJ[>K1g_KM@A\&G
\&O?\&K68yNJ<;\
kF
:8;T \]:*=?8>KMNLG
Q
:*NLGPO?8
m
:*@JKmHLNL@JGI^rNLB96 @JKMBI:*NLK6T& 6
kF = (1/2 −m)pi
 +:]@JKMBI:*NLGPO?8
b[>GI^A[2^rK6:HLK6HZNLO)[>OXBIT :*NZKMBPKMkX:*NLK6T NLK6\
 KM@A:*NJ<>@JK6H  NHJ<
U^rGPK68yNLB962[>GP=?[ NLK6\
 KM@A:*NJ<>@JK6HVNJ[>KmO?H C
^rGPBPBI:*NLGPO?8;H:*@JK^rO?\]\&K68;HJ<>@A:*NLKbaGPNJ[
kF = pi/2


[>K^r@JO?HJHLOk?KM@ZHJ^rK68;:*@JGPOU^rO?<>BIT5[;:Mk?K  KMK68K
 K6^rNLK6TT;<>KNLO&NJ[>KcdOXBPBPObaGI8>=)@JK6:HLO?8 
g_OX@NLK6\
 KM@A:*NJ<>@JK6H  KMBPOb
Tc
bKVK
 K6^rN:ﬃ K6[;:Mk_GPO?<>@GI8U:^M^rOX@AT;:8;^rKNLO ^rO?8>cdOX@A\]:*B  KMBIT]NJ[>KMOX@56 

[>K68"bK [;:Mk?K
2kF
C9O?HJ^rGPBPBI:*NLGPO?8;HZNJ[;:*N:*@JK8>OXNK_<;:*BNLO
pi
3798)NJ[>K[>GP=?[)NLK6\
 KM@A:*NJ<>@JKBPGI\&GPNO?8>K
K
 K6^rNJHNJ[>K]H 6>HLNLK6\$NLO  K6[;:Mk?KU79HLGI8>=C9BPGDWyK  #KM@JK !K;:^rN
2kF = pi
C9O?HJ^rGPBPBI:*NLGPO?8;H]^M:8  K1cdO?<;8;T 

[>KM@JKMcdOX@JK :)8>O?8_C :8;:*B96_NLGI^ 
;@JO 
 KM@JN 6 OXcNJ[>K&O?HJ^rGPBPBI:*NLGPO?8;H]:*NNJ[>K]^r@JGPNLGI^M:*B NLK6\
 KM@A:*NJ<>@JK&^M:8  K
K
 K6^rNLK6TGPcSNJ[>Km79HLGI8>=C9BPGDWyK/ K6[;:Mk_GPO?<>@VGIHO HLKM@Jk?K6TNLOU\]:*GI8yNJ:*GI85b[>K685T>K6^r@JK6:HLGI8>=UNJ[>K NLK6\
 KM@LC
:*NJ<>@JK <
NLO&NJ[>K ^r@JO?HJHLOk?KM@VNLK6\
 KM@A:*NJ<>@JK 
g_@JO?\%NJ[>GIH 
 OXGI8yNOXc k_GPKMb   GPNHJ[>O?<>BITﬁ K 
 O?HJHLG9;BPKVNLO HLKMKaNJ[>KV^r@JO?HJHLOk?KM@GI8]NJ[>K^rOX@J@JKMBI:*NLGPO?8"BPK68>=XNJ[
:8;:*B96_NLGI^M:*BPB965GI8NJ[>KGI8yNLKM=X@A:*BSK_<;:*NLGPO?8;H 

[>GIH^M:8  K:mNJ:H W)cdOX@ct<>NJ<>@JKGI8yk?K6HLNLGP=?:*NLGPO?8;H 
44 The XXZ-Heisenberg model
0.0 0.2 0.4 0.6 0.8 1.0
T
0.50
0.60
0.70
0.80
0.90
 
ξ T
 Degeneracy manifesting in the correlation length
1−string
2−string
−1.5 −0.5 0.5 1.5
re y
−1.6
−1.4
−1.2
−1.0
−0.8
−0.6
im
 y
Degeneracy of string solutions
(Arrows are indicating the motion with decreasing temperature)
g!GP=?<>@JK/ 
 8
 
 


[>KT>KM=XK68>KM@A:^6&OXc+NJ[>KaKMGP=XK68ykX:*BI<>K6HcdOX@NJ[>K
1
CS:8;T
2
C HLNL@JGI8>= K;^rGPNJ:*NLGPO?8;H BPK6:T;H
NLO GIT>K68yNLGI^M:*B ^rOX@J@JKMBI:*NLGPO?8 BPK68>=XNJ[;H)cdOX@UNLK6\
 KM@A:*NJ<>@JK6HUBPObKM@NJ[;:8 NJ[>K ^r@JO?HJHLOk?KM@
NLK6\
 KM@A:*NJ<>@JK 

 EKM=XK68>KM@A:^6 OXc3NJ[>K1HLNL@JGI8>= 
 O?HLGPNLGPO?8;HcdOX@NLK6\
 KM@A:*NJ<>@JK6H( KMBPOb
NJ[>K ^r@JO?HJHLOk?KM@"NLK6\
 KM@A:*NJ<>@JK?+FY):*=?8>KMNLGI^  KMBIT
h = 0.1
 V:8>GIHLOXNL@JO 
 6 
 :*@A:\&KMNLKM@
γ = pi3
3 
3.4 Crossover in the correlation length 45
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4. The Drude weight at finite temperature
4.1 Linear Response and Drude weight at T = 0 47
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4.1. Linear Response and Drude weight at T = 0
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4.1.1. Twisted boundary conditions and external fields
 KV^rO?\&K  :^LW]NLO NJ[>K #a:\&GPBPNLGPO?8>GI:8 +



 
3:8;T]b :8yNNLO K
;BI:*GI8"GPNJH3@JKMBI:*NLGPO?8"NLO NJ[>K [;:*@A:8>Ok C
 3O?[;\ K  K6^rN  

 3g_@JO?\/NJ[>GIH K  K6^rNbKVW;8>Ob NJ[;:*NNJ[>KZb :Mk?Kct<;8;^rNLGPO?8)OXc!NJ[>K^A[;:*@J=XK6T)cdKM@A\&GPO?8
=?:*NJ[>KM@AH:
 [;:HLK
Ψ → eiφΨ
:*cdNLKM@O?8;^rK&[;:Mk_GI8>=[>O 

 K6T5NJ[>@JO?<>=?[ NJ[>Kmb[>OXBPK1@JGI8>="GI8 
;@JK6HLK68;^rK
OXcS:8K>NLKM@A8;:*B  KMBIT^M:<;HLGI8>=]NJ[>KN baGIHLNGI8NJ[>K O?<;8;T;:*@56"^rO?8;T>GPNLGPO?8;H 
7wNGIH GI\
 OX@JNJ:8yN NLO8>OXNLGI^rKUNJ[;:*N NJ[>GIH GIH@JKMBI:*NLK6ThNLONJ[>K
U(1)
C9=?:<>=XK)H 6>\]\&KMNL@56OXc NJ[>KU\&O_T>KMB 
 3K6^M:<;HLK OXc NJ[>GIH)H 6>\]\&KMNL@56 bK2[;:Mk?K NJ[>K cd@JKMK6T>O?\4NLO GI8;^rOX@ 
 OX@A:*NLK NJ[>K =?:*NJ[>KM@JK6T 
 [;:HLK  6
[>O 

;GI8>= cd@JO?\ O?8>K HLGPNLK NLO NJ[>K 8>K>NUO?8>K  6(NL@A:8;HLcdOX@A\&GI8>= NJ[>K cdKM@A\&GPO?8>GI^5O 
 KM@A:*NLOX@AH 

[>K
NL@A:8;HLcdOX@A\]:*NLGPO?8
ci = qic˜i
baGPNJ[
qi = e
ϕi
T>O K6H&8>OXN]:  K6^rN]NJ[>K)cdKM@A\&GPO?8>GI^:8yNLGDC ^rO?\]\m<>NJ:*NLGPO?8
@JKMBI:*NLGPO?8;H  7wcbKUNJ[>K68 : 

;B96 NJ[>K"[>O 

;GI8>= NJ[>@JO?<>=?[hNJ[>KUb[>OXBPK"@JGI8>= +
∏
c˜i+1c˜i
3ZNLO   K  =O?8>K
KMBPK6^rNL@JO?8 NJ[>KUb :Mk?K"ct<;8;^rNLGPO?8(:*BIHLO =XKMNJHmNJ[>K [;:*@A:8>Ok C 3O?[;\ 
 [;:HLKUct:^rNLOX@ 798hOXNJ[>KM@mbOX@AT;H 
NJ[>K
U(1)
C9=?:<>=XK]H 6>\]\&KMNL@56)=XGPk?K6H<;HVNJ[>Kmcd@JKMK6T>O?\ NLO"GI8;^rOX@ 
 OX@A:*NLK1NJ[>KmN baGIHLNZGI8 NJ[>KmcdKM@A\&GPO?8>GI^
O 
 KM@A:*NLOX@AH 
4.1.2. Curvature of energy levels and Drude weight
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4.1.3. Drude weight at arbitrary temperature
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4.4. Alternative derivation of the Drude weight
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4.4.1. The Drude weight for T = 0
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A. Jacobian elliptic functions and related
quantities
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B. Parameterization of the eight- and
six-vertex model
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C. The connection between spinon and
magnon approach
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D. Derivation of the non-linear integral
equations for the XXZ-Heisenberg model
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